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Abstract
We study the non-relativity for two real analytic Ka¨hler manifolds and complex space
forms of three types. The first one is a Ka¨hler manifold whose polarization of local Ka¨hler po-
tential is a Nash function in a local coordinate. The second one is the Hartogs domain equpped
with two canonical metrics whose polarizations of the Ka¨hler potentials are the diastatic func-
tions.
Key words: Ka¨hler manifold, Hartogs domain, isometric embedding, Nash algebraic func-
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1 Introduction
The problem of the existence for holomorphic isometric embeddings from a Ka¨hler manifold
into complex space forms has aroused interest for many mathematicians. In 1953, Calabi [1]
obtained an important result, i.e. the global extendability and rigidity of a local holomorphic
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isometry into a complex space form. He provided an algebraic criterion to find out whether a
complex manifold admits or not such holomorphic isometric embeddings into complex space
forms. Afterwards, there appeared many important studies about the characterization and clas-
sification of Ka¨hler submanifolds of complex space forms. Those results had been summarized
in [14]. Within the case of Hermitian symmetric spaces of different types, Di Scala and Loi
[6] generalized Calabi’s non-embeddability result in [5]. In addition, two complex manifolds
are called relatives if they have a common Ka¨hler submanifold with their induced metrics.
In 1987, Umehara [18] proved that two complex space forms with different curvature signs
cannot have a common Ka¨hler submanifold with their induced metrics. In 2017, Cheng, Scala
and Yuan [2] gave necessary and sufficient conditions for Fubini-Study space of finite dimen-
sion and different curvatures to be relatives, which is a non-trivial generalization of Umehara’s
results.
For the relativity between Ka¨hler manifold and projective Ka¨hler manifold, Di Scala and
Loi [6] proved that a bounded domain with its Bergman metric is not relative to any projective
Ka¨hler manifold in 2010. They also showed that Hermitian symmetric spaces of non-compact
and any projective Ka¨hler manifold are not weakly relatives. This implies that Hermitian
symmetric spaces of compact and noncompact type are not relatives to each others. Loi and
Mossa [12] showed that a bounded homogeneous domains with a homogeneous Ka¨hler metric
and any projective Ka¨hler manifold are not relatives in 2015. Zedda [19] gave a sufficient
condition for a Ka¨hler manifold are strongly not relative to any projective Ka¨hler manifold
in 2017. As an application, they got that the Bergman-Hartogs domain and Fock-Bargmann-
Hartogs domain are strongly not relative to any projective Ka¨hler manifold.
For the relativity between Ka¨hler manifold and the complex Euclidean space Cn with the
flat metric g0, Huang and Yuan [11] proved that a Hermitian symmetric space of noncompact
type and (Cn, g0) are not relatives by using different argument in 2015. Cheng and Niu [3]
proved that the Cartan-Hartogs domain equipped with it’s Bergman metric and (Cn, g0) are
not relatives in 2017. Su, Tang and Tu [17] proved the symmetrized polydisc endowed with its
canonical metric and (Cn, g0) are not relatives in 2018.
In this paper, firstly, we study the non-relativity for a Ka¨hler manifold and three types com-
plex space forms (CPnb , gFS), (CH
n
b , ghyp) and (C
n, g0) by using the technique developed in
[11]. The key condition is the polarization of any local Ka¨hler potential of this Ka¨hler manifold
is a Nash algebraic function. Our results can be seen as a generalization of [3] [11][17]. After
that, we give three criteration theorems on the non-relativity between the Hartogs domain and
complex space forms of three types by using Calabi’s rigidity theorem.
2 Nash function and the relativity
In this section, we recall several basic facts about the complex space forms, and Nash
function, which will be used in the subsequent section. Then we prove the non-existence of
common Ka¨hler submanifolds of the complex space forms and a class of real analytic Ka¨hler
manifolds.
There are three types of complex space forms according to the sign of their constant holo-
morphic sectional curvature:
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• Complex Euclidean space Cn is the complex linear space with the flat metric g0 whose
associated Ka¨hler form
ω0 =
√−1
2
∂∂¯
n∑
i=1
|zi|2.
• Complex projective space CPnb of complex dimension n < ∞, with the Fubini-Study
metric gFS of holomorphic bisectional curvature 4b for b > 0. Let [Z0, · · · , Zn] be
homogeneous coordinates, U0 = {[Z0, Z1, · · · , Zn]|Z0 6= 0}. Define affine coordinates
z1, · · · , zn on U0 by zj = ZjbZ0 , j = 1, 2, · · · , n. The Ka¨hler form is
ωFS =
√−1
2b
∂∂¯ log(1 + b
n∑
j=1
|zj |2) for b > 0.
• Complex hyperbolic space CHnb of complex dimension n < ∞, namely the unit ball
B ⊂ Cn given by:
B = {z ∈ Cn∣∣|z1|2 + · · ·+ |zn|2 < −b},
endowed with the hyperbolic metric ghyp of constant holomorphic sectional curvature
4b, for b < 0. Fixed a coordinate system around a point p ∈ B, the hyperbolic metric
ωhyp =
√−1
2b
∂∂¯ log(1 + b
n∑
j=1
|zj |2) for b < 0.
Let D be an open subset of Cn. Let f be a holomorphic function on D. f is called a
Nash function at x0 ∈ D if there exists an open neighbourhood U of x0 and a polynomial
P : Cn × C → C, P 6= 0, such that P (x, f(x)) = 0 for x ∈ U . A holomorphic function
defined on D is said to be a Nash function if it is a Nash function at every point of D. The
family of Nash functions on D we denote by N (D). The examples of Nash functions on a
fixed open subset ofD are the restrictions of polynomials and rational functions, holomorphic
onD.
Lemma 2.1. [16] If D is an open subset of Cn, f ∈ N (D), then ∂f
∂xi
∈ N (D), for i =
1, · · · , n.
Lemma 2.2. [16] Let Ω be an open subset of Cn × Cm, and (x0, y0) ∈ Ω. Assume that
G : (x, y)→ G(x, y) ∈ Cm, is a Nash mapping such that G(x0, y0) = 0 and
det(
∂G
∂y
(x0, y0)) 6= 0,
then exist open neighbourhoods U , V of x0 and y0 respectively and a Nash mapping F : U →
V such that the Nash subset F = G−1(0)
⋂
(U × V ).
Lemma 2.3. Let f(u, v) be a Nash function of u, v onU×V ⊂ Cn×Cm and U1×V1 ⊂ C×C.
Let (L(z),H(w)) := (l1(z), · · · , ln(z), h1(w), · · · , hm(w)) be a holomorphic mapping from
U1 × V1 to U × V . Then
∂δf(L(z),H(w))
∂wδ
∣∣
w=w0
is a Nash function of L(z) for δ = 1, 2, · · · .
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Proof. By chain rules, we know
∂f(L(z),H(w))
∂w
=
m∑
i=1
∂f(u, v)
∂vi
∣∣∣
(u,v)=(L(z),L(w))
∂hi(w)
∂w
.
Since
∂f(u,v)
∂vi
is Nash function of u, v by Lemma 2.1, it is true for δ = 1. By mathematical
induction, the result is also correct for any δ ∈ N+.
Lemma 2.4. [11] Let D ⊂ Cn be a connected open set, and ξ = (ξ1, · · · , ξk) ∈ D. Let
f1(ξ), · · · , fl(ξ) and f be Nash functions onD. Assume that
exp f(ξ) =
l∏
i=1
fi(ξ)
µi
for certain real numbers µ1, · · · , µl. Then f(ξ) is constant on D.
LetM be an n-dimensional complex manifold endowed with a real analytic Ka¨hler metric
g. i.e. if fixed a local coordinate system z on a neighbourhood U of any point p ∈M , it can be
described on U by a real analytic Ka¨hler potential ψ : U → R. In that case the potential ψ(z)
can be analytically continued to an open neighbourhood W ⊂ U × conj(U) of the diagonal,
where conj(U) = {z ∈ Cn|z¯ ∈ U}. Denote this extension by ψ(z, w). It is called the
polarization of ψ.
Theorem 2.5. Let M be a Ka¨hler manifold admits a real analytic Ka¨hler metric gM . Let
D ⊂ C be a connected open subset. Suppose that F : D → CPnb (or CHnb ) and L : D → M
are holomorphic mappings such that
F ∗ωCn = L∗ωM on D, (2.1)
where the Ka¨hler form ωM =
√−1
2 ∂∂ψ. If the polarization of any local Ka¨hler potential ψ is
a Nash function, then F must be a constant map. Moreover, the Ka¨hler manifold (M,gM ) and
(CPnb , gFS) (or (CH
n
b , ghpy)) are not relatives.
Proof. Assuming that F = (f1, · · · , fn) : D → Cn is not constant andL = (l1(z), · · · , lm(z)) :
D → M be holomorphic maps satisfying equation (2.1). Without loss of generality that D is
simply connected, 0 ∈ D,F (0) = 0. By equation (2.1), in local coordinate, we have
1
b
∂∂¯ log(1 + b
n∑
i=1
|fi(z)|2) = ∂∂¯ψ(L(z)) for z ∈ D,
where ψ is the Ka¨hler potential function of gM . There exists a holomorphic function h on D
such that
log(1 + b
n∑
i=1
|fi(z)|2) = bψ(L(z)) + h(z) + h(z) for z ∈ D. (2.2)
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After polarization, it is equivalent to
log(1 + b
n∑
i=1
fi(z)fi(w)) = bψ(L(z), L(w)) + h(z) + h(w) for (z, w) ∈ D × conj(D),
(2.3)
where f i(w) = fi(w), L(w) = L(w) and conj(D) = {z ∈ C|z¯ ∈ D}.
Let w = 0, then the holomorphic function
h(z) = −bψ(L(z), 0) − h(0) and h¯(w) = −bψ(0, L(w)) − h(0).
We divided three steps to prove Theorem 2.5.
Step 1. For any 1 ≤ i ≤ n, fi(z) can be written as a Nash function of L(z) by the algebraic
version of the implicit function theorem given by Lemma 2.2, shrinking D toward the origin if
needed.
Write Dδ = ∂
δ
∂wδ
. Applying the differentiation ∂
∂w
to equation (2.3), we get for w near 0
the same form. ∑n
i=1 fi(z)
∂
∂w
f¯i(w)
1 + b
∑n
i=1 fi(z)f¯i(w)
=
∂ψ(L(z), L(w))
∂w
. (2.4)
By Lemma 2.1,
∂ψ(L(z),L(w))
∂w
|w=0 is a Nash function of L(z). We can rewrite it as follows:
F (z) ·D1(F¯ (w))
1 + bF (z) · F¯ (w) = φ1(w, l1(z), · · · , lm(z)), (2.5)
where φ1(w, l1(z), · · · , lm(z)) is a Nash function in L = (l1(z), · · · , lm(z)) for fixed w = 0.
bF (z) ·D2F¯ (w)
1 + bF (z) · F¯ (w) −
b2(F (z) ·DF¯ (w))2
[1 + bF (z) · F¯ (w)]2 = φ2(w, l1(z), · · · , lm(z)).
Differentiating the equation above, for the fixed point w = 0, we get for any δ the following
equation
bF (z) ·Dδ(F¯ (0)) + Pδ(F (z)) = φδ(l1(z), · · · , lm(z)), (2.6)
where Pδ(F (z)) is polynomial in F (z) for any δ and fixed z and has no constant and linear
terms in the Taypor expansion with respect to F . Here for δ > 0 and the fixed w = 0,
φδ(w, l1(z), · · · , lm(z)) is a Nash function in l1(z), · · · , lm(z).
LetL := SpanC{Dδ(F¯ (w))|w=0}δ≥1 be a vector subspace ofCn. Let {Dδj (F¯ (w))|w=0}τj=1
be a basis for L. Then for a small open disc ∆0 centered at 0 in C, F¯ (∆0) ⊂ L. Indeed, for
any w near 0, we have
F¯ (w) = F¯ (0) +
∑
δ≥1
Dδ(F¯ )(0)
δ!
wδ =
∑
δ≥1
Dδ(F¯ )(0)
δ!
wδ ∈ L.
from the Taylor expansion.
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Let νj (j = 1 · · · , n − τ) be a basis of the Euclidean orthogonal complement of L. Then,
we have
F (z) · νj = 0, for each j = 1, · · · , n− τ. (2.7)
Consider the system consisting of (2.6) at w = 0 (with δ = δ1, · · · , δτ ) and (2.7). The linear
coefficient matrix in the left hand side of the system at w = 0 with respect to F (z) is

Dδ1(F¯ (w))|w=0
...
Dδτ (F¯ (w))|w=0
ν1
...
νn−τ


and is obviously invertible. Note that the right hand side of the system of equations consisting
of (2.6) at w = 0 (with δ = δ1, · · · , δτ ) is a Nash function in L. By the algebraic version
of the implicit function theorem given by Lemma 2.2, there exist Nash algebraic functions
fˆi(z,X1, · · · ,Xm) in Uˆ such that fi(z) = fˆi(z, l1(z), · · · , lm(z)) for z ∈ U .
Step 2. If all of the elements l1, · · · , lm are Nash functions, we know fi(z) is a holomor-
phic Nash algebraic function by Step 1. We consider the equation (2.3) by the method in [11].
The equation is equivalent to the following
1 + b
n∑
i=1
fi(z)f¯i(w) = e
bψ(L(z),L(w))e−bψ(L(0),L(w))−bψ(L(z),L(0))−h(0)−h(0)).
By Lemma 2.4, F is a constant map.
Step 3. Suppose there exist some elements in (l1, · · · , lm), which are not Nash algebraic
functions. Let R be the field of Nash algebraic functions in z over D. Consider the field
extension
F = R(l1, · · · , lm),
namely, the smallest subfield of meromorphic function field overD containing Nash algebraic
functions and l1, · · · , lm. Without loss of generality, let L = {l1(z), · · · , lr(z)} be the max-
imal algebraic independent subset in F, thus the transcendence degree of F/R(G) is 0. Then
there exists a small connected open subset U with 0 ∈ U such that for each j with lj 6∈ L, we
have some Nash functions {lˆj(z,X)} in the neighborhood Uˆ of {(z, l1(z), · · · , lr(z))|z ∈ U}
in C× Cr such that it holds that for any lj 6∈ {l1, · · · , lr},
lj(z) = lˆj(z, l1(z), · · · , lr(z))
for any z ∈ U , where X = (X1, · · · ,Xr).
By the first step, we have seen that for fixed w = 0, ∂ logψ(L(z),L(w)
∂w
also is a Nash function
in (l1, · · · , lr). So there exists a Nash algebraic function fˆi(z,X) in Uˆ such that
fi(z) = fˆi(z, l1(z), · · · , lr(z)), i = 1, · · · , n
6
for z ∈ U .
Denote Lˆ(z,X) = (lˆr+1(z,X), lˆr+2(z,X), · · · , lˆm(z,X)). Define a function as follows:
Ψ(z,X,w) = log(1 + b
n∑
i=1
fˆi(z,X)f¯i(w)) − bψ((X, Lˆ(z,X)), L(w))
+bψ((X, Lˆ(z,X)), 0) + h(0) − h(w) for (z, w) ∈ Uˆ × U.
Then Ψ(z, l1, · · · , lr, w) ≡ 0 on U . We claim that Ψ(z,X,w) ≡ 0 on Uˆ × U . In fact, it only
need to prove that ∂Ψ
∂w
(z,X,w) ≡ 0 on Uˆ × U .
Otherwise, then there exists a neighborhood U0 of 0 ∈ U such that ∂Ψ∂w (z,X,w0) 6= 0.
For fixed w0 ∈ U0, ∂Ψ∂w (z,X,w0) is a Nash function in (z,X). Assume that its annihilat-
ing function is P (z,X, t) = ad(z,X)t
d + · · · + a0(z,X), where a0(z,X) 6= 0 on U , and
ai(z,X) are holomorphic polynomials in (z,X). Note that Ψ(z, l1, ..., lm, w0) = 0 on V .
Then ∂Ψ
∂w
(z, l1, · · · , lr, w0) = 0 on V . Hence,
P (z, l1(z), · · · , lr(z), ∂Ψ
∂w
(z, l1(z), · · · , lr(z), w0)) = P (z, l1(z), · · · , lr(z), 0) (2.8)
= a0(z, l1, · · · , lr) = 0. (2.9)
Therefore {l1(z), · · · , lr(z)} are algebraic dependent over R. This is a contradiction.
We have the following equation:
log(1 + b
n∑
i=1
fˆi(z,X)f¯i(w)) = bψ((X, Lˆ(z,X)), L(w)) − bψ((X, Lˆ(z,X)), 0)(2.10)
−h(0) + h(w) for (z, w) ∈ Uˆ × U. (2.11)
If we have the equation
n∑
i=1
fˆi(z,X)f¯i(w) = 0,
then
n∑
i=1
|fi(z)|2 =
n∑
i=1
fˆi(z, l1, · · · , lr)f¯i(z) = 0 by taking w = z. This implies that F is a
constant map, which contradicts with the previous assumption.
If there exist z0, w0 such that
n∑
i=1
fˆi(z0,X)f¯i(w0) 6= 0,
then
n∑
i=1
fˆi(z0,X)f¯i(w0) is a nonconstant Nash function in X. Consider the following equa-
tion
1 + b
n∑
i=1
fˆi(z0,X)f¯i(w0) = e
−h(0)+h(w0)ebψ((X,Lˆ(z0,X)),L(w0))−bψ((X,Lˆ(z0,X)),0).
The right hand is nonconstant holomorphic Nash algebraic functions in X. It follows that
F is constant from Lemma 2.4. The proof of Theorem 1.1 is completed.
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Example 2.6. Let P (z, w) be a holomorphic polynomial overC2n such that gP =
i
2∂∂¯P (z, z¯)
is the Ka¨hler form associated to some Ka¨hler metric gP . Then (C
n, gP ) is not relatives with
CP
n
b and CH
n
b . This result can be seen as a generalization of Umehara’s result in [18].
Theorem 2.7. Let M be a Ka¨hler manifold admits a real analytic Ka¨hler metric gM . Let
D ⊂ C be a connected open subset. Suppose that F : D → Cn and L : D → M are
holomorphic mappings such that
F ∗ωCn = L∗ωM on D, (2.12)
where the Ka¨hler form ωM =
√−1
2 ∂∂ψ. If the polarization of e
ψ is a holomorphic Nash
algebraic function, then F must be a constant map. Moreover, (M,gM ) and (C
n, gCn) are not
relatives.
Proof. Assuming that F = (f1, · · · , fn) : D → Cn is not constant andL = (l1(z), · · · , lm(z)) :
D → M be a holomorphic map satisfying equation (2.12). Without loss of generality that D
is simply connected, 0 ∈ D,F (0) = 0. By equation (2.12), we have
∂∂¯(
d∑
i=0
|fi(z)|2) = ∂∂¯ log[eψ(L(z))] for z ∈ D,
where ψ is the global Ka¨hler potential function of gM on M . There exists a holomorphic
function h on D such that
d∑
i=1
|fi(z)|2 = log[eψ(L(z))] + h(z) + h(z) for z ∈ D. (2.13)
After polarization, (2.13) is equivalent to
d∑
i=1
fi(z)f¯i(w) = log[e
ψ(L(z),L(w)] + h(z) + h(w) for (z, w) ∈ D × conj(D), (2.14)
where f¯i(w) = fi(w), L¯(w) = L(w) and conj(D) = {z ∈ C|z¯ ∈ D}. Let w = 0, then the
holomorphic function
h(z) = − log[eψ(L(z),L(0))]− h(0).
By the similar argument in the proof of Theorem 2.5, we can prove Theorem 2.7. Hence
we omit here.
Remark 2.8. The results can be generalized to indefinite complex space forms: (Cn,s, ωCn),
(CPn,s, ωCPn) and (CH
n,s, ωCPn), see the definition in [2].
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3 The relativity between Hartogs domain and complex
space forms
Let D ⊂ Cd be a domain and ϕ be a continuous positive function onD. The domain
Ω =
{
(ξ, z) ∈ Cd0 ×D : ||ξ||2 < ϕ(z)
}
(3.1)
is called a Hartogs domain overD with d0-dimensional fibers. In this section, we consider the
Hartogs domain equiped with its Bergman metric or almost Ka¨hler-Einstein metric.
3.1 Bergman metric
In [13], Ligocka gave a series representation formula of the Bergman kernel of the Hartogs
domain involving weighted Bergman kernels of the base domain. She proved that the Bergman
kernel of Ω
KΩ(z, ξ), (w, ζ) =
∞∑
k=0
(k + 1)d0
pid0
KD,ϕk+d0 (z, w) < ξ, ζ >
k, (3.2)
where KD,ϕk+d0 stands for the weighted Bergman kernel with respect to the weight ϕ
k+d0 ,
< ·, · > denotes the scalar product in Cd0 , (k + 1)d0 denotes the Pochhammer polynomial
of degree d0, i.e. (k + 1)d0 =
Γ(k+1+d0)
Γ(k+1) . When D is a bounded homogeneous domain and
ϕ(z) = K(z, z)−s, Ishi, Park and Yamamori [15] proved that the Bergman kernel is
KΩ((z, ξ), (w, η)) =
KD(z, w)
d0s+1
pid0
d∑
j=0
c(s, j)(j + d0)!
(1− t)j+d0+1 |KD(z,w)s<ξ,η>, (3.3)
where the constants c(s, j) satisfy that F (ks) =
∑d
j=0 c(s, j)(k+1)j and F is the polynomial
given by (18) in [15].
It is well known that any bounded homogeneous domain are equivalent to a homogeneous
Siegel domain of the second kind. Recall the definition of homogeneous Siegel domain of the
second kind (see p.10 Def 1.2-1.3 in [7]):
D(V, F ) = {(z, u) ∈ Cn × Cm|Im(z)− F (u, u) ∈ V }.
where V is a convex cone inRn not containing any straight lines and F (u, v) : Cn×Cm → Cn
is a V -Hermitian form. The Bergman kernel of D(V, F ) is
B(η, ζ) = c
(w − z¯
2i
− F (v, u)
)2d−q
,
where c is a constant. See Theorem 5.1 in [7]. SinceB(η, ζ) is a Nash function, (D(V, F ), gB)
is not relatived with Cn by Theorem 2.7. The property that the Bergman metrics are isometric
between two biholomorphic equivalent domains implies the following result.
Proposition 3.1. Any bounded homogeneous domain equipped with its Bergman metric and
C
n are not relatives.
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By Theorem 2.7 and the formula (3.3), we have the following theorem.
Theorem 3.2. Let Ω be a Hartogs domain over bounded homogeneous domain D, φ(z) =
K(z, z)−s, then (Ω, gB) and Cn are not relatives.
3.2 Almost Ka¨hler-Einstein metric
Let gΩ be an almost Ka¨hler-Einstein metric given by the boundary, i.e.
ωΩ = −
√−1
2
∂∂ log(ϕ− ||ξ||).
Obviously, the polarization of (ϕ(z) − ||ξ||2)−1 is a Nash function Ω × Ω if and only if the
polarization of ϕ is a Nash function onD×D. By Theorem 2.7, we have the following result.
Theorem 3.3. Let Ω be a Hartogs domain given by (3.1), if the polarization of ϕ is a Nash
function on D ×D. Then (Ω, gΩ) and Cn are not relatives.
In general, the polarization of ϕ may not be a Nash function. In this situation, we also
can consider the relative problem between Hartogs domain and complex space forms by using
Calabi’s rigidity theorem.
The following lemma shows the relation between the diastatic functions of gD and gΩ. The
diastatic function was introduced by Calabi in [1]. It is a special (local) potential function. For
more details, see [1] and [14].
Lemma 3.4. [9] Let gD be a Ka¨hler metric given by
√−1
2 ∂∂(− logϕ). If − logϕ is the
diastasic function centered at the origin for (D, gD), then−h log(ϕ(z)−||ξ||2) is the diastasic
function centered at the origin for hgΩ for h > 0.
The existence of the full Ka¨hler immersion from the Hartogs domain to CN , CPN and
CH
N for N 6 +∞ has been discussed by Wang and Hao in [9].
Lemma 3.5. [9] Let Ω be as in (3.1) and h be a positive number. Suppose that Ω is a simply
connected circular domain with center zero and the function − logϕ is the special Ka¨hler
potential function of gD determined by its diastatic function. Then (Ω, αgΩ) admits a full
Ka¨hler immersion into (CP∞, gFS) if and only if (D, (α+ σ)gD) admits a Ka¨hler immersion
into (CPn, gFS) or (CP
∞, gFS) for all σ ∈ N.
The formula of the full Ka¨hler immersion can be expressed by the Ka¨hler immerson from
the base space to complex space forms.
Lemma 3.6. If f : (Ω, gΩ) → CP∞ is a holomorphic map such that f∗ωFS = αωΩ, then up
to an unitary transformation of CP∞, it is given by :
f = [1, s, hα, · · · ,
√
(m+ α− 1)
(α− 1)!m! hα+mw
m, · · · ] = [1, s,H], (3.4)
where s = (s1, · · · , sm, · · · ) with:
sm =
√
(m+ α− 1)
(α− 1)!m! w
m,
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and hβ = (h
1
β , · · · , hjβ, · · · ) denotes the sequence of holomorphic maps on D such that the
immersion h˜β = (1, hβ) : (D,ωD)→ CP∞, satisfies h∗βωFS = βωD, i.e.:
1 +
∞∑
j=1
|hjβ |2 =
1
ϕβ
. (3.5)
Proof. Since the Ka¨hler immersion f is isometric, by Proposition 6 in [1] about distasis func-
tion, we have
1
(ϕ− |w|2)α =
∞∑
j=0
|fj|2,
for f = [f0, · · · , fj, · · · ]. By using equation (3.5) and Bocher coordinates, the power expan-
sion is
∞∑
m=1
∑
j,k
(
∂|mj+|mk|
∂zmj∂z¯mk
∂2m
∂wm∂w¯m
1
(ϕ− |w|2)α
)
|0 z
mj z¯mkwmw¯m
mj!mk!m!2
(3.6)
=
∞∑
m=1
∑
j,k
(
∂|mj+|mk|
∂zmj∂z¯mk
(m+ α− 1)!m!
(α − 1)!ϕ(α+m)
)
|0 z
mj z¯mk |w|2m
mj!mk!m!2
(3.7)
=
∞∑
m=1
∞∑
j=1
(m+ α− 1)!
(α− 1)!m! |w|
2m|hj(α+m)|2. (3.8)
It follows by the previous power series expansions, that the map f given by (3.4) is a Ka¨hler
immersion of Ω → CP∞. By Calabi’s rigidity theorem (i.e. Theorem 2 in [1]), all the other
Ka¨hler immersions are given by U ◦ f , where U is a unitary transformation of CP∞.
Lemma 3.7. [19] Let (M,g) be a Ka¨hler manifold. If (M,ag) is full Ka¨hler immersion
submanifold of CPn for any a > a0 > 0 and if (M,g) and CP
n are not relatives for any
n < +∞, then (M,g) and CPn are not strongly relatives for any n < +∞.
Theorem 3.8. Let Ω be as in (3.1) and h be a positive number. Suppose that Ω is a simply
connected circular domain with center zero and the polarization of − logϕ is the diastatic
function of gD . If (D, (h+σ)gD) admits a Ka¨hler immersion into (CPn, gFS) or (CP
∞, gFS)
for all σ ∈ N and (D, gD) is strongly not relative to any projective manifold, then it is strongly
not relative to any projective manifold.
Proof. We prove that the pseudoconvex-Hartogs domain is not relative to any projective man-
ifold firstly. Assume that S is a 1-dimensional common Ka¨hler submanifold of CPn and
(Ω, gΩ). Then around each point p ∈ S there exists an open neighbourhood U and two holo-
morphic maps Φ : U → CPn and Ψ : U → Ω, Ψ(ξ) = (Ψ0(ξ),Ψ1(ξ), · · · ,Ψd(ξ)) = (w, z) ,
where ξ are coordinates on U , such that Φ∗ωFS|U = Ψ∗(ωΩ)|U . Let f = [f0, ..., fj , ...] : Ω→
CP
∞ be the full Ka¨hler map given by Lemma 3.6 from (Ω, g) into CP∞. Then we have
CP
n Φ←− U Ψ−→ Ω f−→ CP∞.
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We claim that f ◦ Ψ : U → CP∞ = [s(Ψ0),H(Ψ1, · · · ,Ψd)] is full. Actually, we only need
to prove that {sm(Ψ0)}∞m=1 are linearly independent. The formula of f given by Lemma 3.6
implies that {sm} are linearly independent subsequence of {fj}.
Let q be any positive integer and assume that there exist q complex numbers a0, · · · , aq
such that
a0s0(Φ0(ξ)) + · · ·+ aqsq(Φ0(ξ)) = 0, ξ ∈ U. (3.9)
It is worth to point out that ∂Ψ0
∂ξ
6= 0. Otherwise, Φ(U) ⊂ Ω|w=0 = D , U is a common
submanifolds of (D, agB) andCP
n which is contradict with Loi’s result. By the assumption on
Φ0 : U → C, it follows that Φ0(U) is an open subset of C. Therefore, equality (3.9) is satisfied
on all C. Since s1, · · · , sq are linearly independent, so aj = 0. Therefore, {sm(Ψ0)}∞m=1 are
linearly independent which implies
(f ◦ Φ)(ξ) = [s(Φ1),H(Φ1(ξ), · · · ,Φd(ξ))]
is non-degenerate. By Loi’s Lemma 2.2 in [6], f ◦ Ψ : U → CP∞ is full. On the other hand,
Φ : U → CPn is a Ka¨hler immersion. It is contradict to Calabi’s rigidity theorem in [1].
Finially, combine Lemma 3.5 with Lemma 3.7, pseudoconvex-Hartogs domain is strongly
not relative to CPn for any n and any projective manifold.
By the same method, we can obtain two results below.
Theorem 3.9. Let Ω be as in (3.1). Suppose that Ω is a simply connected circular domain with
center zero and the polarization of − logϕ is the diastatic function of gD . If (D, gD) admits
a Ka¨hler immersion into (Cn, g0) or (C
∞, g0) and (D, gD) is not relative to (Cn, g0). Then
(Ω, gΩ) is not relative to (Cn, g0).
Theorem 3.10. Let Ω be as in (3.1) and h be a positive number. Suppose that Ω is a simply
connected circular domain with center zero and the polarization of − logϕ is the diastatic
function of gD. If (D,hgD) is a Ka¨hler submanifold of (CH∞, ghyp) for 0 < h ≤ 1 and
(D,hgD) is not relative to CHn, then it is not relative to (CHn, ghyp).
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